Abstract. The paper presents an application of extended averaged equation approach in investigating some nonlinear oscillation problems. The main idea of the method is briefly described and numerical simulations are carried out for some nonlinear oscillators. The results in analyzing oscillation systems with strong nonlinearity show advantages of the method.
INTRODUCTION
The method of moment equation is well known for analysis of random nonlinear oscillation phenomena and gives also good approximate solutions for systems with strong nonlinearity [15] [16] . One way of extension the method to deterministic oscillation systems was given in [17] . In this paper, an extended averaged equation for deterministic one degree-of-freedom systems is presented and then some nonlinear oscillations are investigated in detail. The numerical results give good approximate solutions for the systems with weak, and strong nonlinearity.
EXTENSION OF MOMENT EQUATION METHOD TO DETERMINISTIC NONLINEAR VIBRATIONS
In order to describe briefly the main idea of the extended averaging approach which was presented in [17] , one considers a oscillation of one-degree-of-freedom system governed by a nonlinear differential equation z+f(z , z) =O , (2 .1) where dots denote time differentiation, f(z, z) is a nonlinear function of z , z. At the same time, consider the corresponding linear equation
For an arbitrary differentiable function w(t, x, x, z) using equations (2 .1) and (2.2) , one gets . where m , n = 0, 1, 2, ... and r(t) is a function oft. It should be noted that the equation (2.6) could be referred to as an extended averaged equation, which is similar to the moment equations in the theory of random vibrations, where the averaging operator is taken in the probabilistic sense [4] , [15] [16] . The advantage of the equation (2 .6) is that this equation can be applied to weakly and strongly nonlinear systems since the condition of small nonlinearity of the system is not used for establishing the equation (2.6) . Furthermore, the equation (2.6) contains both the response z(t) of the original system and the response x(t) of its corresponding linear system. Thus, it can express links between the responses.
In order to close a set of averaged equations one needs some additional relations between the variables . For instance, in the classical equivalent linearization and averaging methods one puts z(t) = x(t) [1] [2] [3] . Then, in these techniques, x(t) represents only a linear system while z(t) is from a nonlinear one. One way of overcoming this deficiency to express the response z in a polynomial form ( 
2.7)
Thus, the problem is reduced to the problem of determining x(t) (or of determining k 2 ) and the parameters a 1 (i =1 , 2, ... ). In other words, the problem of solving differential equation is reduced to the problem of solving a system of algebraic equations. For application, some nonlinear oscillation systems are investigated.
NUMERICAL SIMULATION ON SOME NONLINEAR OSCILLATORS

Oscillator with high nonlinearity degree
Consider the oscillator described by a nonlinear differential equation as follows
together with its corresponding linear equation.
Now, in the equation (3.la), one has
Consider the case where W does not depend on t . Taking " the lowest " polynomial functions w( z, ; i, x, i:) from (2.6) , one gets , for example: for Here, we establish the response of the nonlinear equation (3.1) in the form For a T -period solution z(t), one gets Using (3 .lb)-(3 .lc), (3 .8)-(3.10), after some calculations , from the equations (3.4), (3.5) one obtains the following equations:
with two unknowns: the amplitude a and the period T (or the frequency k) of x (t). As a result , the solution z(t) of the original nonlinear system (3.1) can be obtained from (3.8) . The period Tp obtained by the proposed method is compared with the exact period TE in the Table 1 for zo = 1 and different values of E and "( . ... 50 . . The graphs obtained by the proposed method and by numerical simulation are presented in the Figures 1 (a -e) .
It can be seen from the Table 1 and from the Figs. l.(a -e) that the proposed method can give results with very high accuracy for the weakly nonlinear systems as well as for the strongly nonlinear ones. Furthermore, it should be noted that for ' Y = 0, we, again, obtain the Duffing oscillator which was investigated in [17] .
Oscillator with absolute term in nonlinearity
Consider the oscillator governed by a following nonlinear differential equation with two unknowns: the amplitude a and the frequency k (or the period T) of x(t). As a result, the solution z (t) of the original nonlinear system (3.13) can be obtained from (3 .8) .
The period Tp obtained by the proposed method is compared with the exact period TE in the Fig . 2 . Graphs of free oscillator with absolute term in nonlinearity a. E = 0.1; b. with E = 1; c. with= 10; d. with E = 100; e. with E = 500.
Self-excited oscillator
Consider the VanderPol oscillator
together with its corresponding linear system In order to close a set of the equations , as well as to express the non-linearity of the solution z(t) of the nonlinear equation (3.23) , we propose As a result, the solution z (t) of the original nonlinear equation (3.18) can be obtairted from (3.21) . The oscillation amplitude Zp and the oscillation period Tp obtained by the proposed method are compared with the simulation quantities Zs and Ts in the Table 3 for different values of E . The graphs obtained by the proposed method and by numerical simulation are presented in the Figures 3( a-d) .
It can be seen from the table 3 and from the graphs in Fig. 3 (a -d) that the results (amplitudes , periods, ... ) of the Vanderpol oscillator obtained by the proposed method are very close to the ones obtained by numerical simulations in the weakly nonlinear cases as well as in the strongly non linear ones.
CONCLUSION
The paper presents in detail the extended averaged equations involving the variables of the original noµlinear and of the corresponding linear systems as well as the representation of a periodicc solution of nonlinear systems by a polynomial of harmonic solution of its corresponding linear systems. Thus, a possible way to determine the solution polynomial coefficients and the linear system can be derived. The proposed method can be applied to both stochastic oscillations and deterministic oscillations. The extended averaged equation is established not using the condition of small nonlinearity. Thus, the method can be applied to weakly nonlinear systems and strongly nonlinear ones, as well. Numerical simulations are carried out in some nonlinear oscillators. The obtained results of the method give good approximate solutions for the systems with weak, middle and strong nonlinearity.
